On the analysis of the representations of the linear group of dimension 2  by Makar, Ragy H.
MATHEMATICS 
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BY 
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(Communicated by Prof. J. F. KoKBMA at the meeting of Jlll!e 28, 1958) 
1. In a recent paper [2] fo1:mu1ae are obtained which enable us- to 
determine all S-functions {5m-k-r, k, r}, 0..-;;;r.;;;;k.;;;;m, 41 the analysis 
of {m} ® {v}; where (v) is any .partition of 5. When r=O, we get the 
S-functions of two parts. in ~hich the second part is .;;;; m. It will be 
interesting to have.formulae which enable U.s to determine all S-functions 
of two parts in the analysis. This binary analysis of {m} ® {v} will 
furnish us with the irreducible components in the representation of the 
linear group of matrices A of dimension 2, by the group of matrices 
[A<ml](7)• 
To obtain the S-functions of two parts in the analysis of {m} ® {v}, 
where (v) is a partition of 5, we classify these S-functions into three 
classes corresponding respectively to partitions of the forms, (i) (5m-k, k), 
k.;;;;m, (ii) (4m-k, m+k), 1 .;;;;k.;;;;m, and (iii) (3m-k, 2m+k), 1 ..;;;k.;;;;m/2 
or 1..-;;;k..-;;;(m-1)/2, according as m is even or odd. 
The S-functions {5m-k, k}, k.;;;;m, are simply obtained by applying 
the results in § 3 of [2], with r=O. We give here formulae which enable 
us to determine the S-functions of the other two types. The formulae 
are obtained by a treatment by Foulkes differential operators. Thus the 
explanatory articles 1 and 2 of [2] are also required for this note. We use 
here the same notation and the same symbols. As in [2] the formulae 
give the coefficients of {4m-k, m+k} or {3m-k, 2m+k} in the terms 
on the right hand side of (14), and then making use of the character 
table of the symmetric group of degree 5, we obtain the coefficient in 
{m} ® {v}, for the required valves of m and k and the assigned partition 
(v). We include tables giving all S-functions of two parts in {m} ® {v}, 
for 1 .;;;;m.;;;; 8 and all partitions (v) o.f 5. 
2. Applying the remarks in § 2 of [2], we obtain, after somewhat 
lengthy evaluations, the following results, where (A.) is written for 
(4m-k, m+k), 1 .;;;;k.;;;;m, and (a) is written for (3m.,--k, 2m+k), 1 ..;;;k.;;;;m/2 
or 1 ..-;;;k<:;(m-1)/2 according as m is even or odd. 
(I) DA{m}6 =t[(m+k+ 1) (m+k+2) (m+k+3)-5k(k+ 1) (k+2)], 
Da{m}6 =!(m-2k+ 1) [(m+ 1) (m+2)+ (m-k) (k-1)]. 










(m+2)2 +2k (m-k-1) 





m (m+2}+2 (k+ 1) (m-k) 
(m+ 1)2+2 (k+1) (m-k) 
odd 
(m-k-1} (m-k+3)- (k2 -1) 
(m'-k) (m-k+2)-(k2-1) 
2 (mod 3) mfk 
0 m-k+3 m-k-2 m-k-1 
1 m-k+2 m-k-3 m-k+1 
2 (mod 3) m-k+l m-k-1 m-k 
mfk 0 1 2 (mod 3) 
0 1 -1 0 
1 -1 0 1 
2 (mod 3) 0 0 0 
(IV) 2D;. {m} ({m}<2>)2 2Da {m} ({m}<2>)2 
mfk even odd mfk even odd 
even m+k+2 -(k+1) even 2m-k+2 -(m+k+1) 
odd 0 m+1 odd m-2k+1 0 
(V) D;. {m} {m}<4> Da {m} {m}<4> 
mfk 0 1 2 3 (mod 4) mfk 0 1 2 3 (mod 4) 
0 1 -1 0 0 0 1 -1 0 0 
l 0 -1 0 l 1 -1 0 1 0 
2 0 -1 1 0 2 1 0 0 -1 
3 (mod 4) 0 0 0 0 3 (mod 4) 0 0 0 0 
(VI) D;. {m}<2> {m}<s> 
mfk 0 l 2 3 4 5 (mod 6) 
0 1 -1 1 0 0 0 
1 -1 l 0 0 0 1 
2 1 0 0 0 1 -1 
3 0 0 0 1 -1 1 
4 0 0 1 -1 1 0 
5 (mod 6) 0 1 -1 1 0 0 
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Da {m}<2> {m}<s> 
mfk 0 1 
0 1 -1 
1 1 0 
2 (mod 3) 0 0 
(VII) D5m-k,k {m}<5> 1, k=O (mod 5) 
= -1, k= 1 (mod 5) 
0, otherwise, 




for O<,k<,5mf2 or O<.k<(5m-1)/2, according as m is even or odd. 
In the proof of the results in (I) we have to apply the binary equality 
m m 
{m}4 = I a,.{4m-u,u}+ I b,.{3m-u,m+u} 
u-o u=1 
where by theorem 2 of [1], a,.=i (u+1} (u+2}, and by theorem 5 (i) 
of [1] also, b,. = i (m+u+ 1) (m+u+ 2)- 2u (u+ 1). 
Also, in the proof of the results in (II) we require the equality 
m m/2. (m-1)/2 
{m}3= I c,.{3m-u,u}+ I d,.{2m-u,m+u} 
u-o u-1 
where l,ly Thrall's results [3}, cu=u+1 and d,.=m-2u+l. 
3. The coefficient of {5m-k, k}, k<.m in {m} ® {v}, where (v) is a 
partition of 5, is independent of m. We include here the table of this 
coefficient for 0 <. k <. 8. This table is actually extracted from tables due 
to MAKAR and MISSIHA to which we have referred in § 3 of [2], (the case 
r=O). We also include the table of the coefficient of {4m-k, m+k}, 
1<.k<.m, 1<,m<,8, and the table of the coefficient of {3m-k, 2m+k}, 
1<.k<.m/2 or 1<.k<(m-1)/2, 2<,m<,8, as given by applying the above 
results. 
(A) Coefficient of {5m-k, k} in {m} ® {v} where (v) is a partition of 5 
k 0 1 2 3 4 5 6 7 8 
{5} 1 0 1 1 2 2 3 3 5 
{41}. 0 1 1 2 3 4 6 8 10 
{32} 0 0 1 1 2 3 5 6 9 
{3!2} 0 0 0 1 1 3 3 6 7 
{221} 0 0 0 0 1 1 2 3 5 
{213} 0 0 0 0 0 0 1 1 2 
{II'} 0 0 0 0 0 0 0 0 0 
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(B) Coefficient of {4m-k, m+k} in {m} ® {v} where (v) is a partition of 5 
m 1 2 3 4 5 
k 1 1 2 1 2 3 1 2 3 4 1 2 3 4 5 
{5} 0 0 1 1 1 1 1 2 1 2 2 2 3 2 2 
{41} 0 1 1 2 2 2 3 4 4 3 5 6 6 6 5 
{32} 1 1 1 2 2 2 3 4 3 4 5 5 6 6 6 
{312} 0 1 0 1 2 1 3 2 4 2 3 5 5 6 5 
{221} 0 0 1 1 1 1 1 2 2 3 2 3 4 4 4 
{213} 0 0 0 0 0 1 0 1 1 1 1 1 2 2 2 
{P} 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 . 
·-· 
m 6 7 
k 1 2 3 4 5 6 1 2 3 4.. 5 6 7 
{5} 2 4 3 4 2 4 4 4 5 4 5 4 4 
{41} 7 8 9 9 9 8 9 11 12 13 13 13 11 
{32} 6 8 8 lO 9 9 9 10 12 13 14 13 13 
{312} 6 6 :9 8 10 7 7 lO 11 13 13 14 12 
{221} 3 5 5 7 6 7 5 6 8 9 10 10 10 
{213} 1 2 3 3 4 4 2 3 4 5 6 6 6 
{!5} 0 0 0 1 0 1 0 0 1 0 1 1 1 
m 8 
k 1 2 3 4 5 6 7 8 
-{5} 4 6 5 7 5 7 5 6 
{41} 12 14 16 17 18 18 17 16 
{32} 11 14 15 18 18 20 18 18 
{3!2} 11 12 16 16 20 18 21 16 
{221} 6 9 10 13 13 15 14 15 
{2!3} 3 4 6 7 8 9 9 9 
{15} 0 1 0 1 1 2 1 2 
(C) Coefficient of {3m-k, 2m+ k} in {m} ® {v} where (v) is a partition of 5 
m 2 3 4 5 6 7 8 
k 1 1 1 2 1 2 1 2 3 1 2 3 1 2 3 4 
{5} 0 0 0 1 1 1 1 2 0 3 2 1 3 4 1 2 
{41} 0 1 2 1 4 2 6 4 1 9 7 3 13 10 6 2 
{32} 0 1 2 1 4 2 6 5 1 10 7 4 14 12 6 3 
{312} 1 1 3 0 4 2 8 3 3 11 7 4 17 10 9 1 
{221} 0 1 1 1 3 2 5 4 0 8 6 3 11 lO 5 3 
{2!3} 0 0 1 0 2 1 3 2 1 5 4 2 8 6 4 1 
{15} 0 0 0 1 0 0 0 l 0 1 1 0 1 2 0 1 
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From these tables, we have for example: 
{6} ® {32} = {28.2}+ {27.3} + 2{26.4} + 3{25.5}+ 5{24.6} 
+ 6{23.7}+ 8{22;8}+ 8{21.9}+ 10{20.10}+ 9{19.11} 
+ 9{18.12}+ 6{17 .13}+5{16.14}+ {152}. 
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